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Article info: Abstract 

In the present work, the study of alumina-water nanofluid heat transfer 

between two concentric vertical cylinders has been done by modified 

Buongiorno’s model (BM) to examine the impacts of temperature jump and 

slip velocity boundary conditions for a wide range of Knudsen number. 

Runge-Kutta-Fehlberg method, as a standard integration scheme along with 

a shooting method, has been chosen for solving nonlinear ordinary 

differential equations (ODEs) along with boundary conditions. The main 

concentration of this paper is on the temperature jump since the slip velocity 

has been extensively examined in many studies. The presence of temperature 

jump boundary condition by varying Knudsen number was considered to 

investigate the effects of the bulk mean nanoparticle volume fraction ϕB, 

mixed convection parameter Nr, buoyancy parameter Ng, and heat flux ratio 

ε on the total dimensionless heat transfer coefficient HTC and the 

dimensionless pressure gradient Ndp. The obtained results indicate that 

temperature jump boundary condition plays a pivotal role in temperature 

profile, heat transfer coefficient and pressure drop; for instance, the 

negligence of temperature jump near walls causes to undervalue heat transfer 

coefficient in continuum flow regime and overestimate it in slip flow regime. 
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1. Introduction

Incorporation of particles into the prevalent 

fluids like water, oil and ethylene-glycol as one 

of the ways of passive heat transfer enhancement 

was pioneered in 1873 by Maxwell [1]. The solid 

particles must possess a higher thermal 

conductivity, thereby enhancing the thermal 

conductivity of generated mixture (solid-fluid). 

After investigating the impact of particles 

inclusion to fluids on the possible improvement 

of heat transfer, many researchers concluded that 

adding nanoparticles to a base fluid outperforms 

micro-sized particles on the grounds of 

mitigating the deleterious effects of clogging, 

abrasion, fouling and extra pressure loss [2, 3]. 
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Thus, using nanofluids to enhance the heat 

transfer rate is fast gaining popularity among 

researchers, and comes into widespread use in 

the heat transfer systems and exchangers. 

Nanofluid convective simulation was studied by 

several researchers in a wide range of diverse 

topics. Heat transfer analysis of fluids with the 

addition of nanoparticles is currently attracting 

considerable interests. The importance of adding 

nanoparticles to the base fluid is owing to the 

significant heat transfer augmentation with the 

presence of nanofluids. Therefore, this heat 

transfer in nanofluids has been studied with 

considerations of various aspects such as 

magnetic field [4-11], porous medium [4, 12] 

and entropy generation and exergy loss [13, 14]. 

Recently, Kerdarian and Kianpour [15] used the 

finite volume method and SIMPLER algorithm 

to study entropy generation and heat transfer in 

a microchannel filled with Cu-water nanofluid. 

They studied a broad range of Reynolds 

numbers, Knudsen numbers and nanoparticles 

volume fraction. 

Theoretical modelling of nanofluids receives 

wide currency among scientists due to clarifying 

the thermophysical characteristics of nanofluids. 

From the literature review, the critical 

mechanism significantly influencing the heat 

transfer and flow features of nanofluids is the 

nanoparticle migration. Buongiorno [16] proved 

that seven mechanisms result in the nanoparticle 

migration, among which the thermophoresis and 

Brownian motion are the most important 

mechanisms. These two factors generate a 

relative velocity due to the interaction of the base 

fluid and nanoparticles. Accordingly, 

Buongiorno presented a two-component four-

equation non-homogeneous equilibrium model 

for scrutinising the convective transport in 

nanofluids. In the light of the BM, many 

researchers such as Sheikholeslam [17], Moshizi 

and Pop [18],Grosan and Pop [19], Aziz et al. 

[20], Bahiraei et al. [21], Moshizi et al. [22-24] 

and Xu et al. [25] have studied nanofluids by 

considering heat transfer. Afterwards, the 

modified version of the BM including the 

nanofluid density (ρ) variation in continuity, 

momentum and energy equations was developed 

by Yang et al. [26, 27]. This modification 

thoroughly deems the impacts of nanoparticle 

concentration on the governing equations. Using 

the modified BM, they investigated the fully 

developed forced convection in nanofluids 

inside an annulus. Then, several studies were 

done on different heat transfer features including 

natural [28] forced [29, 30], and mixed 

convection [31] via the modified model. The 

results revealed that the effects of nanoparticle 

migration in nanofluids are well captured by the 

modified model. 

However, the studies mentioned above were 

restricted to special boundary conditions at walls 

such as non-jump temperature and non-slip 

velocity. While these boundary conditions are 

not capable of estimating the precise velocity 

and temperature profiles for some of the 

microscope applications [32, 33]. Smoluchowski 

[34] and Knudsen [35] pioneer the temperature 

jump as a classic physical phenomenon. 

According to Knudsen number Kn L=  in 

which λ and L are the molecular mean free path 

and physical scale of flow domain respectively, 

fluid flow is categorized as these flow regimes, 

namely: 

 

Continumflow 𝐾𝑛 ≤ 0.001, 

Slipflow 0.001 < 𝐾𝑛 ≤ 0.1, 

Transitionflow 0.1 < 𝐾𝑛 ≤ 10, 

Freemolecularflow 10 < 𝐾𝑛. 
 

 

In fact, no-jump/no-slip conditions are suitable 

for the fluid flow with the thermodynamic 

equilibrium in the vicinity of the walls where this 

situation occurs in the continuum flow regime 

(as long as Kn < 0.001) [36]. This range of Kn is 

indicative of macro-scale devices, while Kn in 

the range between 0.001 and 0.1, and Kn ≈ 0.1 

represent micro-scale and nano-scale means 

respectively. In the micro- and nano-scale 

devices, temperature jump and slip velocity at 

walls are required [37-39]. Taking advantage of 

nanofluids as working fluids can be considered 

as another innovative approach to improve the 

convective heat transfer rate in the micro and 

nano-scale devices. Karimipour [40] studied the 

impact of temperature jump and slip velocity on 

the heat transfer of several nanofluids in a 

microchannel. Yang et al. [37] used the modified 

BM to probe the impacts of temperature jump 

and slip velocity near walls for different flow 
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regions. They investigated the forced convection 

transport of nanofluids in a straight channel and 

concluded that applying temperature jump close 

to walls is so necessary, especially in slip flow 

regime. Recently, Sajadifar et al. [41] 

investigated a non-Newtonian nanofluid inside a 

microtube in light of temperature jump and slip 

velocity at walls. They concluded that the 

temperature jump effects should be considered at 

the microtube entrance area where the most heat 

exchange with the wall happened. 

The novelty of this work is to examine the 

impacts of the temperature jump and slip 

velocity in continuum and slip flow regimes on 

the mixed convection of Al-water nanofluid with 

focus on the influence of temperature jump on 

the velocity, temperature, volume fraction of 

nanoparticles, heat transfer coefficient, and 

pressure drop. 

2. Problem definition

In this study, the two-dimensional, 

hydrodynamically fully developed, laminar 

mixed convection flow of Al-water nanofluid in 

a vertical annulus subject to unequal heat flux on 

the interior and exterior walls are investigated. 

The vertical annulus is made of two coaxial 

cylinders with the Cartesian coordinate in which 

x-direction runs along the pipe walls, the r-

direction is perpendicular to them, and the origin 

of the coordinate system is located at the interior 

wall, as shown in Fig. 1. wiq  and woq are heat

fluxes uniformly subject to the inner and outer 

walls respectively in such a way that the heat 

flux ratio,  , varies between 0 and 1. This 

parameter is an indicator of the thermal 

asymmetry. Owing to micro- and nano-scale 

flow domain (0.001 < Kn ≤ 0.1), temperature 

jump and slip velocity are two pivotal 

parameters as boundary conditions, which must 

be considered in the slip flow regime [37, 42]. 

Furthermore, nanoparticles influence the heat 

and mass transfer as the properties of the 

nanofluid are a function of nanoparticles volume 

fraction of the nanofluid obtained via [43] 

( )1 ,p bf   = + − (1) 

( )21 ,bf a b    = + + (2) 

( )21 ,bf k kk k a b = + + (3) 

( )

( )

1
,

1

p bfp p bf p

p

p bf

c c
c

  

  

+ −
=

+ −
(4) 

where ρ, µ, k, and cP are the density, dynamic 

viscosity, thermal conductivity, and specific heat 

capacity of nanofluid, respectively; and the 

subscripts of p and bf signify nanoparticle and 

base fluid. The thermophysical properties of 

nanoparticles and base fluid (water) are outlined 

in Table 1. Eqs. (2 and 3) represent thermal 

conductivity and viscosity of nanofluids 

estimated by Pak and Cho [44] respectively. 

Fig. 1. Schematic diagram of the physical problem 

and coordinate system. 

Table 1. Thermophysical properties of the base fluid 

and the nanoparticles. 

Physical properties 

Fluid 

phase 

(water) 

Alumina 

(Al2O3) 

pc (J kg-1 K-1) 4182 773 

ρ (kg m-3) 998.2 3880 

k (W m-1 K-1) 0.597 36 

410  (kg m-1 s-1) 9.93 - 

   (K-1) 2.07×10-4 8.4×10-6 
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3. Formulation of the problem 
 

The mathematical formulation of nanofluid flow 
proposed by Buongiorno [16] is widely 
employed to simulate the hydrodynamically and 
thermally fully developed flow inside the 
vertical annulus. 
In the BM, the variation of nanofluid properties 
such as density, dynamic viscosity and thermal 
conductivity originating from the non-uniform 
concentration of nanoparticles was not 
considered. Therefore, the modified BM 
proposed by Yang et al. [27] is used to 
incorporate the effect of nanoparticle 
distribution on thermophysical properties of 
nanofluid into the equations of the mass, 
momentum, thermal energy, and nanoparticle 
fraction: 
 

( )

( )( )

( ) ( )

0

0

1

1 0

p bf wo

wo bf B

d du dp
r

r dr dr dx

g

T T g

 

   

  

 
− 

 

− − −

+ − − =
 

(5) 

( ) ( )

( )
1

dT
c u

dx

d dT
rk

r dr dr

 


 
 
 

=

 

(6) 

1
0T

B

D T
D

r r r T r

   
+ = 

   

 

(7) 

 

Where u, T and P represent the axial velocity, 
local temperature and pressure, respectively. 

Also, ( ) ( )  3
B BO bf pD k T d=  is the Brownian 

diffusion coefficient and thermophoretic 
diffusion coefficient  are defined as 

( ) ( )0.26 2T bf bf bf p bfD k k k  =  +
 

 

in 

which kBO is the Boltzmann constant and dp is the 
nanoparticle diameter which varies between 1 
and 10 nm [44]. 
Considering Eqs. (5-7), it is worth noting that the 
modified BM consists of the density variation of 
nanofluid in mass, momentum and energy 
conservations. Since ρ is highly dependent on ϕ, 
the modified BM deems the impacts of 
nanoparticle diffusion, as seen in Eqs. (1-4). 

The function of averaging any required variables 
over the annulus cross-section should be defined 
by 

( )2 2

1

1

2
o

io i

A

R

RR R

dA
A

r dr


 

 
−

 =


 

(8) 

 
So, with averaging the energy equation (Eq. (6)), 
a bulk temperature gradient is obtained as below 
 

( ) ( )

,, ,,

,,

4
1

(1 )

B

i

i o
h

o

wo wi

wo

dT
c u

dx

R

R R
D

R

q q

q

   =

 
+  

 +

 

(9) 

 

in which the bulk temperature is defined as 
 

.B

cuT
T

cu






 

(10) 

 

Also, note that under thermally fully developed 
flow condition with a constant heat flux at walls, 
across the x-axis, the temperature gradient is not 
dependent on cross-section temperature and can 
be defined as 
 

BT

x x

T
=

 

 

(11) 

 
4. Boundary conditions 

 
In this study, since continuum and slip flow 
regimes are examined, walls experience the slip 
and jump conditions. The first-order slip at both 
walls is expressed as [45] 
 

2
  

2
  

v
wi s w

v

v
wo s w

v

u
r R u u

r

u
r R u u

r











− 
= → − =



− 
= → − = −



 

(12) 

where us is the slip velocity, σv is the tangential 
momentum accommodation coefficient, and λ is 
the molecular mean free path. The temperature 
jump at either wall is defined as [45] 
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2 2
  

1 Pr

2 2
  

1 Pr

T
wi s w

T

T
wo s w

T

T
r R T T

r

T
r R T T

r

  

 

  

 
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= → − =

+ 

− 
= → − = −
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(13) 

 

Where Tw is the wall temperature, while Ts is the 
temperature of nanofluid at the wall. σT  is the 
thermal accommodation coefficient, and β is the 
specific heat ratio. σv, σT and β are considered to 
be close to one for nearly all applications [37, 
45]. Therefore, these parameters are opted to be 
one for simplicity in this study. 
The other existing boundary conditions are 
stated as follows 
 

 (on the inner wall)

 ,  

0

 (on the outer wall)

 ,   

0
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wi wi
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(14) 

 
5. Normalization 
 
In order to more accurately evaluate the physical 
problem and reach a linear and more robust 
relationship, the governing equations are 
normalized, so the dimensionless parameters are 
defined as follows 

( )
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(15) 

Therefore, based on these dimensionless 
parameters, the normalized governing equations 
are obtained as below 
 

( )

( )

( )

( )

( )( )

2 * *

2

* *

 

1

1

1

4 1

wobf

wo B

d u du

d ddd

d d

Nr

Ng



  

   

 

    

 
 
 = −
 
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 

 − −
 −
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(16) 
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k k d
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

 

 
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  +
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(17) 

( )

2

* *

1

BT

B

N

  

 

  

 
= −

 + 
 

−    

(18) 

 
Since the presented equations are in terms of 

soT

, using Eq. (13) and the following correlation 

( ) ( ),wo wo sosoT T T TT T− = − −−

 

(19) 

  can be transformed into Eq. (20) as follows 

 

( )
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,, ,,
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


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=
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−
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+
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−
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(20) 

 

Accordingly, the bulk temperature given in Eq. 

(16 and 18) yields as below 
 

( ),,

*

,,
.B wo

B

wo wi h

bf

T

q q

T

D

k


−

=
+

 

(21) 
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Also, dimensionless boundary conditions can be 

determined as  
 

( )

( )

*
* *

1

*
* *

1

 (inner wall)  
1

,  
2 1

2

1
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1
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−
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−
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= = − =

 
(22) 

 

 

where 
hKn D=  is Knudsen number and   

presents the heat flux ratio. Based on the 

dimensionless parameters, Eq. (9), the 

dimensionless bulk temperature gradient is 

presented as 

 

( ) ( )

( ),,

*

14

(1 )

w

h

o

BdT
c u

d

q

x

D

  





=

+

+
 

(23) 

 

where the dimensionless function of averaging 

any required parameters is defined as 

 

( )

( )

1

2 1

2

1

2 1

1
d










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−

−

−
=

−


 

(24) 

 

Moreover, the dimensionless heat transfer 

coefficients are defined for the inner wall 

 

( )

( )* *

,,

,
(1 )

hi h
wi

bf bf wi

w

B

wi

i

B

Dh D
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q
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(25) 

and for outer wall 

 

( )

*

,,

1
.
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wo h h
wo

bf bf wo B

w

B

oh D D
HTC

T

q

k k T
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= =
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(26) 

 

So the total HTC is calculated for the annulus as 

 

.
1

i wi o wo

i o

wi wo

R HTC R HTC
HTC

R R

HTC HTC



+
=

+

+
=

+
 

(27) 

 

Therefore, the total heat transfer coefficient 

enhancement is obtained as 

 

.h

bf

HTC
N

HTC
=

 

(28) 

Similarly, the dimensionless pressure gradient is 

evaluated as 

2 *

Bbf B
dp

h

udp
N

dx D u





  
= − =  
   

 

(29) 

 

As a result, the Ndp augmentation is defined as 

 

( )
dp

p

dp bf

N
N

N
=

 

(30) 

 

6. Numerical method and accuracy 

 

The aforementioned equations, Eqs. (16, 17 and 

18) present a set of nonlinear ordinary 

differential equations (ODEs) along with the 

boundary conditions of Eq. (22). The suitable 

and accurate approach chosen for solving this 

system is the Runge-Kutta-Fehlberg method as a 

standard integration scheme [46-48]. This 

method presents the numerical solution with the 

order O(h4) and estimates errors with the order 

of O(h5). But, 
wo  in the boundary condition, and 

( ) ( ) *c u    in Eq. (17) are initially unknown, so 

a reciprocal procedure is requisite for solving the 

system of equations with initial guesses for these 

unknown parameters. The checking points for 
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updating these parameters are the bulk 

nanoparticle volume fraction 
B  and 

( ) ( ) *c u    which are calculated and finally 

compared with the presumed value of  

( ) ( ) *c u    and the specified value of 
B . 

Therefore, this procedure must be iterated so that 

the specified value of 
B is gained, and the exact 

value of ( ) ( ) *c u    is achieved with a relative 

error less than 1%. This method is a kind of 

shooting technique. In order to keep away from 

the grid dependency, the integration step was 

varied around 10-6. 

In order to corroborate the high accuracy of 

different parts of the numerical analyse, the 

velocity profile is compared to the data of Kays 

et al. [49] in Fig. 2. On the other hand, the 

thermal boundary condition is validated with the 

dimensionless heat transfer coefficients at both 

walls with the study of Kays and Crawford [50] 

presented in Table 2. As is observed, the main 

features of this problem (velocity and heat 

transfer) have been compared with the data 

available in the literature. The obtained results 

indicate that different methods for modelling this 

problem reach the same results with a relative 

difference less than 1%. Furthermore, in order to 

ensure the validation of the developed code and 

the applied methods, the velocity profile within 

the concentric annulus is calculated by the 

present work and compared with the results of 

Yang et al [26], as illustrated in Fig. 3. 

 

7. Results and discussion 

 

The objective of this part is to scrutinize the 

impacts of Knudsen number Kn and temperature 

jump on velocity profile, temperature and 

nanoparticle volume fraction distributions, along 

with the effects of ϕB, mixed convection 

parameter Nr, buoyancy parameter Ng, and heat 

flux ratio   on HTC and Ndp in the range of 

Knudsen numbers. The predetermined 

parameters are deemed to be 1.0 = , 0.05Kn = , 

0.2BTN = , 0.02B = , 200Nr = , 10Ng = , and 

Pr 7.0= . The results have been done for various 

values of influential parameters. According to 

Yang et al. [26], w B

w

T T

T


−
  insignificantly 

influences the results, and ranges from 0 to 0.1, 

so   has a prescribed value in this study, 0.01 =

. Furthermore, 1 =  represents the inner wall, 

whereas the outer wall is located in 2 = .  

 
Table 2. Numerical results for HTC  with the ones 

presented in the previous work when 

Nr=λ=ϕB=Ha=0.
   

ζ ε 

Present work 
Kays  and 

Crawford [50] 

HTCw

i 

HTCw

o 
HTCwi HTCwo 

 1.5 21.42 5.785 21.42 5.787 

 1 89.46 5.465 89.46 5.450 

0.2 0.5 -10.54 5.149 -10.49 5.151 

 0 0 4.875 0 4.883 

 1.5 8.68 8.075 8.63 8.071 

0.6 1 11.21 6.749 11.21 6.758 

 0.5 109.4 5.810 109.48 5.812 

 0 0 5.091 0 5.099 

 

 
Fig. 2. Velocity profile within the concentric annulus 

calculated by the present work and the data of Kays 

et al. [49]. 
 

 
Fig. 3. Velocity profile within the concentric annulus 

calculated by the present work and the data of Yang 

et al. [26]. 
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Figs. 4(a-c) reveal the effects of Knudsen 
number variation on the velocity, temperature 
profiles and nanoparticle volume fraction 
distribution. As is evident from Fig. 4(a), 
increasing Kn causes the velocity near walls to 
rise, on the grounds that the slip velocity grows 
in the boundaries. Consequently, the velocity of 
nanofluids speeds up close to walls and owing to 
a constant mass flux in the annulus, and the 
velocity becomes lower in the middle. So the 
velocity of nanofluids gets more uniform as 
Knudsen number (Kn) rises, as supported in Fig. 
4(a). It results in the momentum amplification at 
walls, thereby increasing the temperature and 
concentration of nanoparticles inside the 
annulus. On the other side, the increase in Kn 
leads to extend the influence of the temperature 
jump and slip velocity on the temperature 
profile. Both these boundary conditions are 
influential parameters on the temperature close 
to walls, as shown in Fig. 4(b). By increasing the 
temperature and velocity at walls, the 
nanoparticles concentration in these regions rises 
as indicated in Fig. 4(c).  
Figs. 5(a-c) illustrate how the existence of the 
temperature jump at boundaries influences the 
velocity, temperature profiles, and nanoparticle 
volume fraction distribution. According to Figs. 
5(a and c), the results indicate that the effect of 
the temperature jump on the velocity profile and 
nanoparticle volume fraction distribution for the 
high and low values of Kn is trivial as supported 
by the results of Yang et al. [37]. However, 
considering the temperature jump at walls leads 
to significantly change the temperature profile 
due to the boundary condition defined in Eq. 
(13). It is demonstrated that in the high values of 
Kn, the temperature profile tends to be uniform 
with increasing the temperature at walls and 
decreasing the peak in the case of considering the 
temperature jump, while in low values of Kn, 
there are subtle differences between both cases 
with and without temperature jump as shown in 
Fig. 5(b). 
Figs. 6-9 delineate the behaviour of HTC and Ndp 
under the variation of ϕB, Nr, Ng, and  , 

respectively. All results are calculated based on 
a wide range of Kn indicative of the continuum 
flow and slip flow regimes. It is worthwhile to 
note that irrespective of the variation of the 
aforementioned parameters, the pressure drop 
experiences a downward trend in the case of 
applying the temperature jump under the 

variation of Kn. This decreased rate significantly 
grows from Kn=0.01 in the slip flow regime. 
From Fig. 6, it is clear that regardless of the value 
of Kn and the existence of the temperature jump, 
an increase in 

B  enhances the heat transfer rate 

with the penalty of pertaining pressure drop 
increase. Moreover, in the slip flow regime, the 
temperature jump at walls curtails the heat 
transfer rate and also the pressure drop compared 
to the case without consideration of temperature 
jump; however, this behaviour is reversed in the 
continuum flow regime for all the values of 

B

except for 0.01B = . In the high value of 
B , the 

difference in HTC between both cases of the 
temperature jump rises. 

(a)

(b)

Fig. 4. Effect of Kn on velocity profile (a), 

temperature (b), nanoparticle volume fraction 

distributions (c). 

(c)
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Fig. 7 reveals the variation of HTC and Ndp in 
terms of different mixed convection 
parameters, Nr in two flow regimes with and 
without temperature jump conditions. 
Basically, Nr signifies the intensity of 
buoyancy effect owing to nanoparticle 
concentration and base on the definition, Nr 
influences nanofluids to transport 
nanoparticles from the rich concentration 
region towards the poor concentration one. 
The most crucial point is that Nr is a buoyancy 
diffusion caused by uneven nanoparticles 
concentration. So, Nr considerably intensifies 
heat transfer and pressure drop.  

Fig. 5. Effect of temperature jump on velocity 

profile (a), temperature (b), nanoparticle volume 

fraction distributions (c) (symbol sign: without 

temperature jump, and line curve: with 

temperature jump). 

Fig. 6. Effect of temperature jump and ϕB on HTC 

(a) and Ndp (b) (dash line: without temperature

jump, and solid line: with temperature jump)

(a)

Fig. 7. Effect of temperature jump and Nr on HTC 

(a) and Ndp (b) (dash line: without temperature 
jump, and solid line: with temperature jump).

(b)

(b)

(a)
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The results indicate that in the slip flow regime, 

HTC and Ndp with consideration of the effect of 

temperature jump have lower values compared 

to the case without this effect. This difference 

grows in the high values of Kn and Nr. This trend 

is analogous with the variation of these 

parameters in the continuum flow regime only 

for Nr = 50 and 100, while in other values of Kn 

and Nr, this behaviour is quite the reverse.  

Fig. 8 describes the behaviour of HTC and Ndp 

regarding the changes in buoyancy parameter, 

Ng simultaneous with the variation of Kn in two 

cases with and without applying temperature 

jump condition. In the case of the non-existence 

of temperature jump condition, HTC increases 

with a rise in Kn in all values of Ng, especially 

Ng = 40 and 60. Note that in the boundary 

between the continuum and slip flow regimes, 

there is a turning point in the HTC variation. 

However, with consideration of temperature 

jump condition, HTC experiences a stable trend 

and approximately constant value along with the 

increase of Kn except for its high values in which 

HTC decreases. It is worth noting that without 

temperature jump condition and with the 

increase of Ng, the pressure drop has a 

downward trend from Kn=10-4 to roughly 

Kn=3×10-4 following which Ndp rises, while in 

the case of applying the temperature jump 

condition, Ndp increases with growing Ng and 

also decreases with rising Kn. However, without 

temperature jump, Ndp sees the increasing 

growth in the continuum flow, especially in the 

high values of Ng, and then it gradually 

decreases in the slip flow except for Ng=40 and 

60 in the high values of Kn. 

Fig. 9 shows the changes in HTC and Ndp along 

with different heat flux ratios, ε, across a wide 

range of Kn. It is observable that HTC with the 

changes in heat flux ratio does not follow a 

particular trend, while Ndp decreases with 

increasing ε regardless of flow regime type. In 

continuum flow regime, the results of Ndp and 

HTC without considering temperature jump are 

lower than those with considering temperature 

jump, whereas this situation is opposite in slip 

flow regime. Moreover, it can be inferred from 

Fig. 9 that the highest and lowest values of heat 

transfer coefficient correspond to 0.5 =  and 

1 =  respectively. 

Fig. 8. Effect of temperature jump and Ng on HTC 

(a) and Ndp (b) (dash line: without temperature

jump, and solid line: with temperature jump).

Fig. 9. Effect of temperature jump and ε on HTC 

(a) and Ndp (b) (dash line: without temperature

jump, and solid line: with temperature jump).
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8. Conclusions 

 

In the present study, a proficient method for 

investigating nanofluid treatment has been 

implemented under circumstances of 

temperature jump and velocity slip near the 

boundaries. The main nanofluid flow features 

such as the velocity profile, temperature and 

nanoparticle volume fraction distributions were 

calculated by solving the equations as a set of 

ODEs along with proper boundary conditions in 

a vertical annulus. Additionally, the impacts of 

ϕB, Nr, Ng, and   on HTC and Ndp in a broad 

range of Kn were obtained. All results have been 

computed in consideration of two cases of with 

and without temperature jump at walls in order 

to clarify the impact of temperature jump. 

Furthermore, the behaviour of HTC and Ndp has 

been studied with continuum and slip flow 

regimes. According to the obtained results in this 

paper, some highlighted points can be 

concluded: 

1) Knudsen number is the parameter which 

directly influences velocity and temperature 

boundary conditions causing temperature jump 

and slip velocity near walls. Both these 

conditions are the controlling parameters on the 

temperature and nanoparticles concentration 

close to walls. However, applying temperature 

jump at walls causes the temperature profile to 

outstandingly vary, particularly in slip flow 

regime, while temperature jump negligibly 

influences the velocity profile and nanoparticles 

concentration. 

2) Temperature jump at walls in slip flow 

regime causes HTC to have lower values than the 

case without this condition, irrespective of the 

variation of studied parameters. This behaviour 

is opposite in continuum flow regime, apart from 

the low values of Nr. So, the disregard of 

temperature jump near the walls in slip flow 

regime leads to the overvaluation of HTC, while 

in continuum flow regime this trend is reversed. 

3) It can be  concluded that in most cases, in the 

slip flow regime, considering the temperature 

jump at walls causes a decrease in Ndp compared 

to the case of consideration of without the 

temperature jump, however, in continuum flow 

regime, temperature jump leads to increasing the 

pressure drop. 
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