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   Abstract 
In the present paper, the flow and heat transfer of two types of nanofluids, 
namely, silver-water and silicon dioxide-water, were theoretically analyzed over 
an isothermal continues stretching sheet. To this purpose, the governing partial 
differential equations were converted to a set of nonlinear differential equations 
using similarity transforms and were then analytically solved. It was found that 
the magnitude of velocity profiles in the case of SiO2-water nanofluid was higher 
than that of Ag-water nanofluid. The results showed that the increase of 
nanoparticle volume fraction increased the non-dimensional temperature and 
thickness of thermal boundary layer. In both cases of silver and silicon dioxide, 
increase of nanoparticle volume fraction increased the reduced Nusselt number 
and shear stress. It was also demonstrated that the increase of the reduced Nusselt 
number was higher for silicon dioxide nanoparticles than silver nanoparticles. 
However, the thermal conductivity of silver was much higher than that of silicon 
dioxide.  

 
 
Nomenclature 
 
a Parameter of Padé method 
c   Coefficient of stretching sheet velocity  
Cf Skin friction coefficient 
Cp Specific heat at constant pressure 
e1, 
e2 

Parameters of symbolic power series 
method 

f Dimensionless flow 
k Thermal conductivity 
K A constant  
L Degree of denominator in Padé method 
M Degree of numerator in Padé method 

 
 
Nur  

 
 
   Reduced Nusselt number 

p Parameter of Padé method 
Pr Prandtl number 
q Parameter of Padé method 
Rex  Local Reynolds number 
s Mass transfer parameter 
Shx  Local Sherwood number 
T  Temperature 
T∞  Ambient temperature 
Tw  Temperature at the stretching sheet 
U, Uw Local velocity of the sheet 
u,v  Velocity components along x- and y-

axes 
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vw Velocity in y direction on the sheet 
surface 

x,y  Cartesian coordinates (x-axis is 
aligned along the stretching surface 
 and y-axis is normal to it) 

Greek  
α  Thermal diffusivity 
ζ, γ, β Function variables 
η  Similarity variable 
θ  Dimensionless temperature 
λ Avariable which shows the effect of 

nano particles in the momentum 
equation 

µ Dynamic viscosity 
ρ  Density 
τ A variable defined by Eq. (25) 
υ Kinematics viscosity 
φ Nanoparticle volume fraction 
 
Subscripts 

 

∞ Ambient value 
f Pure fluid property 
l, k Parameters of Padé method 
n Value at the previous step 
nf Nanofluid property 
s Solid nanoparticle property 
w The stretching sheet (wall) 

 

1. Introduction  
 
The flow and heat transfer of a viscous fluid 
over a continues stretching surface have 
promising applications in a number of 
technological processes such as metal and 
polymer extrusion, continuous casting, 
drawing of plastic sheets, paper production, 
etc. [1 and 2]. In these applications, the heat 
transfer rate in the boundary layer over 
stretching sheet is important because the 
quality of the final product depends on the 
heat transfer rate between the stretching 
surface and the fluid during the cooling or 
heating process [3]. Therefore, the choice of a 
proper cooling/heating liquid is essential as it 
has a direct impact on the rate of heat transfer. 
Recently, convective heat transfer in nanofuids 
has become a topic of major contemporary 
interest because of the unique thermal 
properties of these fluids. Nanofuids can be 
described as a fluid in which the particles in 
the size of nanometer, 1‒100 nm, are 
suspended. Nanofluids were first coined by 
Choi [4] in 1995. Dispersed uniformly and 

suspended stably in a pure base fluid, a very 
small amount of nanoparticles can provide 
impressive improvement in the thermal 
properties of the base fluid [5]. 
Based on the application of nanofluids, 
nanoparticles have been made of various 
materials such as oxide ceramics, nitride 
ceramics, carbide ceramics, metals, 
semiconductors, carbon nanotubes as well as 
composite materials such as alloyed 
nanoparticles Al70Cu30 or nanoparticle core–
polymer shell composites, etc. [5]. 
The boundary layer flow and heat transfer past a 
stretching sheet have received a wide range of 
attention among researchers. Crane [6] was the 
first who obtained an analytical solution for 
laminar boundary layer flow past a stretching 
sheet. Gupta and Gupta [7] solved the boundary 
layer flow over a stretching sheet with suction 
and injection. After these pioneering works, a 
large number of studies have been developed to 
analyze various aspects of this phenomenon 
such as magnetic flows [8], micropolar fluids [9] 
and viscoelastic flows [10 and 11].  
Khan and Pop [12] examined boundary layer 
and heat transfer of nanofluids over a linear 
stretching sheet. Makinde and Aziz [13] 
analyzed heat transfer of nanofluids over a 
stretching sheet subjected to convective heat 
transfer. Rana and Bhargava [14] studied the 
boundary layer and heat transfer of nanofluids 
over a nonlinear stretching sheet.  
Noghrehabadi et al. [15] investigated the 
thermal enhancement of nanofluids over an 
isothermal stretching sheet. They considered a 
slip boundary condition for the flow over the 
stretching sheet in the presence of nanoparticles. 
All of these studies [12‒15] analyzed the effect 
of parametric variation of non-dimensional 
parameters on the thermal enhancement of 
nanofluids. They did not perform any case study 
to show the enhancement of using nanofluids in 
comparison with pure base fluid. In contrast, 
some researchers have performed case studies to 
indicate the enhancement of using nanofluids in 
comparison with the pure base fluid. Yacob et 
al. [16] used a numerical analysis to compare the 
thermal enhancement of two types of nanofluids, 
namely, Ag-water and Cu-water nanofluids, over 
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an impermeable stretching sheet. Hamad [17] 
studied boundary layer and heat transfer of 
nanofluids over an impermeable isothermal 
stretching sheet for the metallic and metallic 
oxide nanoparticles. 
The purpose of the present study is to analyze 
the effect of two types of nanoparticles, 
namely, silicon dioxide and silver, on the 
thermal enhancement of water base nanofluids 
over an isothermal stretching sheet with 
suction or blowing. A similarity solution, 
depending on the volume fraction of 
nanoparticles, is obtained and analytically 
solved. 
 
2. Problem Formulation 
 
Consider an incompressible laminar steady 
two-dimensional boundary layer flow past an 
isothermal stretching sheet in a water-based 
nanofluid. The nanofluid can contain different 
volume fractions of SiO2 or Ag nanoparticles. 
The scheme of the physical model and 
geometrical coordinates are shown in Fig. 1. It 
is assumed that the base fluid (i.e. water) and 
the nanoparticles are in thermal equilibrium, 
and also no slip occurs between them. The 
thermophysical properties of the water and 
nanoparticles are given in Table 1.  
 
 
Table 1. Thermophysical properties of water and 
nanoparticles. 

Physical 
Properties 

Fluid Phase 
(water) [15] 

Ag [18] SiO2 [19] 

Cp (J/kg.K) 4179 235 765 
ρ  (kg/m3) 997.1 10500 3970 
k  (W/m.K) 0.613 429 36 
α ×107 (m2/s) 1.47 1738.6 118.536 

 
 

 
Fig. 1. Scheme of stretching sheet. 

The sheet surface has the constant temperature 
of Tw, and the temperature of ambient fluid is 
T∞. The fluid outside the boundary layer is 
quiescent and the stretching sheet velocity is 
linear. Therefore, the velocity of the sheet is 
U(x)=c.x, where c is a constant. By applying 
boundary layer assumptions, the steady two-
dimensional boundary layer equations of the 
momentum, flow and heat for the nanofluid in 
the Cartesian coordinate system are written as:  
 

0
u v

x y

∂ ∂+ =
∂ ∂

             (1) 

2

2

nf

nf

u u u
u v

x y y

µ
ρ

 ∂ ∂ ∂+ =  ∂ ∂ ∂ 
          (2) 

2

2nf

T T T
u v

x y y
α∂ ∂ ∂+ =

∂ ∂ ∂
           (3) 

subject to the following boundary conditions at 
the sheet surface: 
 

( ) ( ), , , 0w W Wv v x u U x T T at y= = = =       (4) 

 
and the boundary conditions in the far field (i.e. 
y→∞): 
 

0, ,v u T T as y∞= = = → ∞          (5) 

 
where the subscript of nf denotes nanofluid. The 
thermophysical properties of nanofluid can be 
evaluated as follows: 
 

( )nf nf P nf
k Cα ρ= ,           (6) 

( )1nf f sρ φ ρ φρ= − + ,           (7) 

The effective dynamic viscosity of nanofluids 
can be obtained using Brinkman model [20 and 
21] as:  

( )
5

21

f
nf

µ
µ

φ
=

−
,                   (8) 
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and (ρCp)nf [16] as:  

( ) ( )( ) ( )1p P pfnf s
C C Cρ φ ρ φ ρ= − +      (9) 

The nanofluid thermal conductivity can be 
evaluated using Maxwell model as [22]: 
 

( ) ( )
( ) ( )

2 2

2

s f f snf

f s f f s

k k k kk

k k k k k

φ
φ

+ − −
=

+ + −
    (10) 

where subscripts f and s represent the base 
fluid and nanoparticle, respectively. Here, φ 
denotes the nanoparticles' volume fraction. In 
order to attain a similarity solution for Eqs. (1 
–3) subject to Eqs. (4 and 5), the 
dimensionless variables can be introduced in 
the following form [16–18]: 
 

( ) ( )

1/2

, ( ) ,

, ,

f W

f

T Tc
y

T T

u cxf v c f

η θ η
υ

η υ η

∞

∞

   − = =    −  


′= = −

          (11) 

 
where the wall mass transfer velocity 
becomes: 
 

 ( ) ( )0w fv x c fυ= . 

By applying the introduced similarity 
transforms, Eq. (11), on the governing 
equations, Eqs. (1‒3), the similarity equations 
are obtained as follows: 

( )
( )

5

2
21

0
1 s f

f f f f
φ

φ φ ρ ρ

−−
′′′ ′′ ′+ − =

− +
   (12) 

 

( ) ( )
( ) ( )

( )
( )

2 2

2
0,

1

s f f s

s f f s

p s

p f

k k k k

k k k k
f

C
Pr

C

φ
φ

θ θ
ρ

φ φ
ρ

+ − −

+ + −
′′ ′+ =

 
 − +
 
 

   (13) 

subject to the following boundary conditions: 
 

0 : , 1, 1,At f s fη θ′= = = =     (14) 
 

: 0, 0,At fη θ′→ ∞ = =        (15) 
 

where 
( )w fs v x cυ= −

. The positive value 
of s indicates wall mass suction and its negative 
value indicates wall mass injection. 
For practical purposes, the skin friction 
coefficient can be introduced as: 
 

( )
( )

2
0

5

2

,

1
Re 0 ,

1

nf
f

f w y

f x

u
C

U y

C f

µ
ρ

φ

=

 ∂= −  ∂ 

′′=
−

                (16‒a) 

 
where, 
 

( )
( )

5

2

0
,

Re 1

f

x

C f

φ

′′
=

−
                  (16‒b) 

 
and the reduced Nusselt number as [16–18]: 
 

( )

( )

0

,

Re 0 ,

x nf
f w y

nf
x x

f

x T
Nu k

k T T y

k
Nu

k
θ

∞ =

 ∂= −  − ∂ 

′= −
         (17‒a) 

 
where: 

( )0
Re

nfx

fx

kNu
Nur

k
θ ′= = −           (17‒b) 

 
 
3. Solution 
 
3.1 The Flow Analysis 
 
Here, in order to obtain an exact close form 
solution for the momentum equation, Eq. (12) is 
rewritten in the following form for convenience: 

2 0f f f fλ ′′′ ′′ ′+ − =                  (18‒a) 
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where: 

( ) ( )
5

2

1

1 1 s f

λ
φ φ φ ρ ρ

=
− − +

      (18‒b) 

 
Assuming that the solution of (18‒a) has the 
following form: 
 

( )f e βηη ζ γ −= +                    (19) 

 
By substituting (14) in (19), the following 
relations are obtained: 
 

1γ
β

= −                        (20‒a) 

1
sζ

β
= +              (20‒b) 

Equation (15) also only holds true for positive 
values of β. Substituting Eq. (19) in Eq. (18‒a) 
results in: 

 

( )2 1 0e sβη λβ β− − − =              (20‒c) 

Solving for β leads to: 

 
2 4

2

s s λβ
λ

± +=                      (20‒d) 

As only the positive values of β are acceptable, 
the exact close form solution of Eq. (12) can 
be summarized as follows: 

( )
2 4

2

2 2

2 2

4 4

s s

e
f s

s s s s

λ η
λλ λη

λ λ

+ +−

= + −
+ + + +

   (21) 

 
 
3.2 The Heat Transfer Analysis 
 
Equation (13) subject to Eqs. (14 and 15) can 
be solved using a symbolic power series 
enhanced by Padé approximation. The basic 
idea of symbolic power series method and 
Padé approximation was explained in [23–29]. 
Now, the second-order differential equation of 

Eq. (13) can be written as two first-order 
differential equations: 
 

( ) ( )

( ) ( )
1 2

2
2

0,

0,
f

θ η θ η
θ η

θ η
τ

′ − =

′ + =
               (22) 

subject to the following boundary conditions: 
 

( ) ( )0 1, 0 ,Kθ θ ′= =                   (23) 

under the following constraint: 
 

( )2 0θ ∞ = ,              (24) 

 
where:  

( ) ( )
( ) ( )

( ) ( )( )

2 21

2

1

1

s f f s

s f f s

p ps f

k k k k

Pr k k k k

C C

φ
τ

φ

φ φ ρ ρ

 + − −
 =

+ + −  

 
 ×  − +  

      (25) 

 
Here, K is a constant which will be later 
computed from the boundary condition Eq. (24). 
In the previous section, an exact close form 
solution was obtained for the flow, i.e. Eq. (21), 
which could be substituted in Eq. (22). 
Therefore, Eq. (22) is only a function of θ and η. 
Now, the set of first-order differential equations 
must be solved. Based on the method of 
symbolic power series introduced by Celik and 
Bayram [29], the solution procedure is started as 
follows: 
 

( )
( )

1 1

2 2

1 ,

,

e

K e

θ η η
θ η η

= +

= +
          (26) 

 
Substituting Eq. (26) in Eq. (22) and neglecting 
higher order terms yields: 
 

1 2

2

0,

.
0,

e K e

K s
e

η

τ

− − =

− =
          (27) 

Solving Eq. (27) for e1 and e2: 
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1

2

,

.
,

e K

K s
e

τ

=

=
          (28) 

Now, substituting e1 and e2 in Eq. (26) and 
considering a higher order term yields: 
 

( )

( )

2
1 1

2
2 2

1 . ,

.
,

K e

K s
K e

θ η η η

θ η η η
τ

= + +

= + +
          (29) 

 
Again, substituting Eq. (29) in Eq. (22) and 
neglecting higher order terms yields: 
 

1

2

2

.
2 0,

.

2 0 ,

K s
e

K s
k

e

τ

τ
τ

− =

+
− =

            (30) 

Solving for e1 and e2: 
 

1

2

2 2

.
,

2

. .
,

2

K s
e

K s K
e

τ
τ

τ

=

+=
                   (31) 

By substituting e1 and e2 in Eq. (29), 
considering higher terms and repeating this 
procedure, the following power series for θ1 is 
obtained after six iterations: 

( )

( )

( ) ( )
( )

2
2 3

1 2

1
2 2 3 22

4
3

2 4 3 2 3 2 2

2 2 2 2

1 1
3 2 2 22 2

5

2 4

6

1
2 6

4 2 6

48

2 2 6

4 12

4 4 4

240

( )

Ks Ks K
K

K s K s K s K s

K s K s K K

K s K s

K s s K s s

O

τθ η η η η
τ τ

τ λ λ τ λτ
η

λτ

λ τ λτ λ τ
λτ λ τ

τ λ λτ λ
η

λ τ

η

+= + + +

 
+ − + − − 

 
 

 
+ + + 

 − + 
 
 + + − + +

+

  (32) 

 
Continuing this procedure led to a symbolic 
power series with higher terms, in which the 
variable of K was unknown. In order to 

evaluate the value of K, the remaining unused 
boundary condition, i.e. Eq. (24), was used. The 
symbolic calculations were carried out using 
Maple mathematical software for convenience. 
For instance, by solving Eq. (22) with the 
boundary conditions of Eq. (23) and then 
applying the remaining boundary condition, Eq. 
(24), the following power series solution was 
obtained for silicon dioxide and s=1, Pr=6.2, φ 
=0.2: 
 

( )
2 3

4 5

6 7

8 9

10 11

12 13

1-4.027439000

+6.928558725 -5.636791717

-0.00009090303927 +4.982198443

-5.003620742 +1.129018507

+2.328223322 -2.768260327

+1.039149690 +0.6319634838

-1.059090450 +0.5546818207

+0.0

θ η η

η η
η η

η η
η η
η η

η η

=

( )

14 15

16 17

18 19

20 21

4759723421 -0.2850366517

+0.2033289427 -0.04054615577

-0.04962873621 +0.05347557267

-0.02199874681 O

η η
η η
η η
η η+

    (33) 

 
The obtained power series (i.e. Eq. (33)) has a 
sufficient accuracy, but series solutions usually 
have a finite range of convergence. Hence, they 
are not always practical for large values ofη, say 
η→∞. The combination of any series solutions 
with the Padé approximation provides a 
powerful tool for handling initial or boundary 
value problems on infinite or semi-infinite 
domains [28]. In order to increase the accuracy 
of solution, the power series in the symbolic 
form and before computation of the unknown 
value of K, can be converted to Padé 
approximation. 
Padé series is defined in the following form: 
 

2
0 1 2

2
0 1 2

2
1 21

M
M

L
L

a a a

p p p p

q q q

η η
η η η
η η η

+ + + ⋅ ⋅ ⋅

+ + + ⋅ ⋅ ⋅ +=
+ + + ⋅ ⋅ ⋅ +

     (34)  

Both sides of Eq. (34) are multiplied by the 
denominator of right-hand side of Eq. (34): 
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( ) ( )

( )
( )
( )

2
0 1 0 1 2 1 1 0 2

3 3
3 1

1

1

2
0 1 2

...

...

... 0

l k kk

M M
M l k kk

L M L
M L l k kk

M
M

a a a q a a q a q

a a q

a a q

a a q

p p p p

η η

η

η

η

η η η

−=

−=

+
+ −=

+ + + + +

+ + +

+ + +

+ +

= + + + + +

∑

∑

∑

(35) 

   
 
By comparing the coefficients of both sides of 
(35), one can find that: 
 

1
, 0, ,

M

l l k k lk
a a q p l M−=

+ = = ⋅⋅ ⋅∑           (36) 

 

1
0, 1, ,

L

l l k kk
a a q l M M L−=

+ = = + ⋅ ⋅ ⋅ +∑      (37) 

 
M and L are the degrees of numerator and 
denominator in Padé series, respectively. By 
solving the linear equation, Eq. (37), the qk 
(k=1, …, L) is determined. After that, by 
substituting qk in Eq. (36), pl (l=0, …, M) will 
be determined. For instance, by following this 
procedure, the Padé series of Eq. (32) with the 
size of {1, 1} for θ1 can be obtained as 
follows: 
From Eq. (37) with L=1 and M=1,  
 

2 1 1 0a a q+ =                   (38) 

 
Solving for q1: 
 

2
1

1

a
q

a
= −                (39) 

 
From Eq. (36) with M=1:  
 

0 0

1 1 0 1

p a

p a a q

=
 = +

              (40) 

 
By substituting Eq. (39) in Eq. (40): 
 

0 0

0 2
1 1

1

p a

a a
p a

a

=

 = −


              (41) 

 
By substituting Eqs. (39 and 41) in Eq. (34), 
 

0 2
0 1

1

2

1

1

a a
a a

a
a

a

η

η

+ −

+ −
              (42) 

 
Substituting the symbolic values of a0, a1 and a2 
from Eq. (32) in Eq. (42) results in the Padé 
series of θ1 with the size of {1, 1}: 
 
 

( ) ( )
1

2 2

2

K s

s

τ τ η
θ η

τ η
+ −

=
−

        (43) 

 
 
Similarly, for Padé series of θ1 with the size of 
{2, 2}: 
From Eq. (37) with L=2 and M=2:  
 

3 2 1 1 2

4 3 1 2 2

0

0

a a q a q

a a q a q

+ + =
 + + =

                   (44)  

Solving for q1 and q2: 
 

2
2 3 1 4 2 4 3

1 22 2
1 3 2 1 3 2

,
a a a a a a a

q q
a a a a a a

− −= =
− −

        (45) 

 
From Eq. (36) with M=2:  
 

0 0

1 1 0 1

2 2 1 1 0 2

p a

p a a q

p a a q a q

=
 = +
 = + +

               (46) 

 
After substituting the obtained coefficients and 
simplification, the Padé series of θ1 with the size 
of {2, 2} becomes as follows: 
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( )

( )

1

3 2 2

3 2 2

2 3

3 3 2

2 2 2

3 2 4
2

3 2 2

2 2

2304 1152

2304 1152

576 576

288 288 4

576 384 96

288 4 96

288 144 4

144

s

K K s

s s

s s

K s s

K s s

K s s s

s

θ η

λτ λτ

λτ λτ
λτ λτ η

τ τ λ

λτ λτ λτ

τ λ λ
η

τ τ λ
τ

=

 
 
 
 
 
 −
  −  
+ − + 
    + + + 

  − +

 
 + + −

+  
+ − + 
  −  

( )3 2 2

3 2

3 2 3

2 2 4

2

2 2 2 2

48 24

12 12
48

6 4 6

2 8 2

3 4 3

s

s s

s s

s s

s s s

λτ λτ

λτ λτ
η

τ λ τ

λτ λτ λ
η

τ λ τ















 
 

− 
 
 − 

+    + + +  
 
 − − +    − + −  

 (47) 

 
 
If the order of Padé approximation increases, 
the accuracy of the solution increases [26 and 
27]. A comparison between power series 
solution, Padé approximation and numerical 
solution is shown in Fig. 2 for silicon dioxide 
and s=1, Pr=6.2, φ =0.2. The numerical 
solution is obtained from the solution of Eq. 
(13) subject to the boundary conditions Eqs. 
(14 and 15) using the Runge-Kutta method 
with shooting technique [30].  
In the numerical method, the asymptotic value 
of η is taken as 10 to simulate the 
asymptotically far filed boundary condition. 
Figure 2 demonstrates that the Padé 
approximation for s=1 and φ =0.2 with the size 
of {8, 8} has sufficient accuracy. Hence, the 
{8, 8} Padé approximation is used in the 
following calculations. The corresponding 
Padé approximation of Eq. (33) can be 

summarized as: 
( )1

2

3 4

5 6

7 8

2

3 4

1-1.389177547 +0.3621114887

+0.3784170075 -0.1654205827

-0.1657939679 +0.1753260993

-0.06547256744 +0.009623072673

1+2.638261453 +4.058989831

+4.083193261 +3.027863003

+1.6

θ η

η η
η η

η η
η η
η η

η η

=

 
 
 
 
 
 
 

5 6

7 8

,

35816922 +.6605099075

+0.1777898643 +0.02981101344

η η
η η

 
 
 
 
 
 
 

    (48) 

 
 

 
Fig. 2. Comparison of numerical, power series and 
Padé methods. 
 
 
4. Results and discussion 
 
The flow and heat equations were solved for 
variation of volume fraction of SiO2 and Ag 
nanoparticles. In the following calculations, the 
Prandtl number of the base fluid (water) was 
kept constant at 6.2. It is worth mentioning that, 
when φ = 0 and s=0, this study was reduced to 
that of a regular viscous fluid over an isothermal 
impermeable stretching sheet. As a test of the 
accuracy of the solution, the analytical results of 
the present method were compared with the 
results reported by Hamad [17] and Wang [31] 
as well as those of Gorla and Sidawi [32] in the 
case of pure fluid, as shown in Table 2. 
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Furthermore, the analytical results of the 
present work were compared with the results 
reported by Hamad [17] in the case of s=0 and 
Ag-water nanofluid, as given in Table 3. 
Tables 2 and 3 indicate good agreement 
between the present results and the previous 
ones. Table 4 shows the variation of – f "(0) 
and – θ'(0), flow and heat transfer 
characteristics, for different values of 
nanoparticle volume fractions and wall mass 
transfer parameter. The results of this table 
reveal that the increase of mass transfer 
parameter increases the magnitude of – f "(0) 
and –θ'(0). Furthermore, increase of 
nanoparticle volume fraction increases the 
magnitude of – f " (0) but decreases the 
magnitude of – θ'(0). 
The non-dimensional velocity profiles for 
different values of silver and silicon dioxide 
nanoparticle volume fractions are plotted in 
Figs. 3 and 4, respectively. These figures 
interestingly show that the increase of 
nanoparticle volume fraction decreases the 
dimensionless velocity magnitude in the case 
of Ag-water nanofluid; however, it increases 
the dimensionless velocity magnitude in the 
case SiO2- water nanofluid. This difference 
between the behavior of Ag-water and SiO2-
water nanofluids is because of the difference 
between density ratios of the proposed 
nanoparticles to the density of water, which 
affects the momentum equation.  
In both cases of silver and silicon dioxide 
nanofluids, increase of mass transfer 
parameter (from injection to suction) 
decreased the magnitude of velocity profiles 
and hydrodynamic boundary layer. In both 
cases of Ag-water and SiO2-water nanofluids, 
variation of nanoparticle volume fraction had 
no significant effect on the thickness of 
hydrodynamic boundary layer over the 
stretching sheet. Comparison between Figs. 3 
and 4 shows that the magnitude of velocity 
profiles in the case of SiO2 water base 
nanofluid was higher than that of Ag-water 
nanofluid. 

 

Table 2. Comparison of the results for –θ'(0) with 
previous works. 

Pr 
Hamad 
[17] 

Wang 
[31] 

Gorla 
et al. 
[32] 

Present 
Results 
φ=0 

2 0.91136 0.9114 0.9114 0.9131 
7 1.89540 1.8954 1.8905 1.9051 
20 3.35390 3.3539 3.3539 3.3551 
70 6.46220 6.4622 6.4622 6.4640 

 
 
Table 3. Comparison of the results for -f "(0) and –
θ'(0) with previous works for the selected 
nanoparticle volume fraction of Ag nanoparticles 
when Pr = 6.2 and s=0. 

φ 
– f "(0) – θ'(0) 
Hamad 
[17] 

Present 
work 

Hamad 
[17] 

Present 
work 

0.05 1.13966 1.139659 1.58136 1.581450 
0.1 1.22507 1.225068 1.42058 1.420600 
0.15 1.27215 1.272152 1.28193 1.282005 
0.2 1.28979 1.289787 1.16100 1.161341 

 
 
Table 4. Comparison between the evaluated results of 
–f "(0) and –θ'(0) for SiO2 and Ag nanoparticles for 
different values of nanoparticle volume fraction and 
wall mass transfer parameter. 

φ 
– f "(0) 

s= ‒ 0.5 s= 0.5 s= 3 s= 10 
0 0.78078 1.28078 3.30278 10.09902 
0.05 0.86031 1.50972 4.20532 13.08748 
0.1 0.90604 1.65643 4.81412 15.10726 
0.15 0.93035 1.73953 5.16826 16.28312 
0.2 0.93929 1.77107 5.30428 16.73494 

φ 
 

– θ'(0) 
s= ‒ 0.5 s= 0.5 s= 3 s= 10 

0 
0.33415 4.13375 

18.8769
9 62.08581 

0.05 
0.33750 3.56861 

16.0032
9 52.56564 

0.1 
0.34125 3.09902 

13.6371
6 44.73115 

0.15 
0.34415 2.70365 

11.6623
8 38.19476 

0.2 0.34582 2.36732 9.99572 32.67934 

 
 
The non-dimensional temperature profiles for 
the selected values of nanoparticle volume 
fractions are given in Figs. 5 and 6 for Ag- and 
SiO2- water base nanofluids, respectively. These 
figures show that increase of nanoparticle 
volume fraction increased the non-dimensional 
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temperature and thermal boundary layer 
thickness. The addition of nanoparticles 
volume fraction increased the thermal 
conductivity of the pure fluid; hence, it 
resulted in the increase of thermal diffusion in 
the boundary layer in both types of the 
investigated nanoparticles. However, it had 
opposing differences on the velocity profiles. 
Increase of wall mass parameter decreased θ 
profiles as well as thermal boundary layer 
thickness. 

 
Fig. 3. Profiles of non-dimensional velocity for the 
selected values of volume fraction of Ag 
nanoparticles and mass transfer parameter. 
 

 
Fig. 4. Profiles of non-dimensional velocity for the 
selected values of volume fraction of SiO2 
nanoparticles and mass transfer parameter. 
 
 
Comparison between Figs. 5 and 6 shows that 
the non-dimensional temperature profiles in 

the case of silver nanoparticles were higher than 
those of silicon dioxide. The variation of local 
skin friction and reduced Nusselt number, as 
important parameters of hydrodynamic and 
thermal boundary layer, against the variation of 
nanoparticle volume fraction are shown in Figs. 
7 and 8 for the selected values of wall mass 
transfer. 

 
Fig. 5. Profiles of dimensionless temperature for the 
selected values of volume fraction of Ag 
nanoparticles and mass transfer parameter. 

 
Fig. 6. Profiles of dimensionless temperature for the 
selected values of volume fraction of SiO2 
nanoparticles and mass transfer parameter. 

 
 

Figure 7 shows that the local skin friction of Ag-
water nanofluid is always higher than that of 
SiO2 for the same magnitude of nanoparticle 
volume fraction. Increase of nanoparticle 
volume fraction significantly increased the local 
skin friction on the surface. The main part of the 
observed difference between these two types of 
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nanofluids is because of the difference 
between the densities of these nanoparticles 
(See Eq. (12)). The density of the silver 
nanoparticles was significantly higher than the 
density of silicon dioxide nanoparticles. 
Therefore, the presence of heavy nanoparticles 
resulted in the increase of local skin friction, 
as observed in Fig. 7. In addition, increase of 
wall mass transfer increased the local skin 
friction for two types of nanoparticles. Figure 
8 demonstrates that the reduced Nusselt 
number for SiO2 was higher than that for Ag 
for the same value of nanoparticle volume 
fraction.  

 
Fig. 7. Comparing the variation of local surface 
skin friction with variation of nanoparticle volume 
fraction for the selected values of wall mass 
transfer. 

 
Fig. 8. Comparing the variation of reduced Nusselt 
number with variation of nanoparticle volume 
fraction for the selected values of wall mass 
transfer. 
The increase of nanoparticle volume fraction 
increased the reduced Nusselt number. 

Increase of wall mass transfer parameter 
increased the difference between temperature 
profiles of Ag and SiO2 nanofluids. Finally, 
increase of the wall mass transfer increased the 
reduced Nusselt number. 
 
5. Conclusions 
 
The effect of the presence of silver and silicon 
dioxide nanoparticles on the hydrodynamic and 
thermal boundary layer over a permeable 
isothermal stretching sheet was analytically 
investigated. A close form exact solution was 
obtained for the momentum equation. The heat 
equation was also solved using the combination 
of a symbolic power series and Padé 
approximation method. In the nanofluid model, 
the effect of presence of nanoparticles on the 
thermal conductivity and dynamic viscosity was 
considered. The obtained results can be 
summarized as follows: 
The silver nanoparticles and silicon dioxide 
nanoparticles decreased and increased the 
dimensionless velocity magnitude, respectively. 
However, they had no significant effect on the 
thickness of hydrodynamic boundary layer.  
The non-dimensional temperature profiles in the 
case of silver nanoparticles were higher than 
those of silicon dioxide.  
Increase of nanoparticle volume fraction 
significantly increased the local skin friction on 
the sheet surface. The local skin friction of Ag-
water nanofluid was always  higher than that of 
SiO2. 
Increase of nanoparticle volume fraction 
increased the reduced Nusselt number. 
However, the reduced Nusselt number for 
silicon dioxide nanoparticles was higher than 
that of silver nanoparticles.  
Finally, increase of the wall mass transfer (from 
injection to suction) increased the reduced 
Nusselt number. 
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