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This article studied static deflection, natural frequency and nonlinear vibration 
of a clamped-clamped microbeam under discontinues electrostatic actuation. 
The electrostatic actuation was induced by applying AC-DC voltage between 
the microbeam and electrode plate. In contrast to previous works, it was 
assumed that length of the electrode plate was smaller than that of the 
microbeam. In addition, it was assumed that a layer whose length was equal to 
that of the electrode plate was deposited on the lower side of the microbeam. 
Equation of motion was derived using Newton's second law. The static 
deflection due to the DC electrostatic actuation and the natural frequency about 
this position were obtained using the Galerkin method. Nonlinear vibration of 
the system due to the AC electrostatic actuation was obtained using the multiple 
scale perturbation method. Variations of static deflection, pull-in voltage, 
natural frequency and frequency response of vibration about the static 
deflection of microbeam with respect to variations of second layer length, 
second layer thickness, electrode plate length and value of electrostatic 
actuation were also studied. It was shown that, depending on the value of these 
parameters, static deflection and natural frequency of vibration about static 
deflection increased or decreased. Moreover, it was demonstrated that, 
depending on the value of these system parameters, nonlinear vibration of the 
system due to the AC electrostatic actuation might be realized as a softening or 
hardening behavior. 
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1. Introduction 
 
Electrostatically actuated microbeam is a major 
component of many of resonant sensors. 
Electrostatic actuation is induced by applying 
an AC-DC voltage between the microbeam and 
an electrode plate which is on the opposite side 

of the microbeam. The DC component deflects 
the microbeam to a new equilibrium position 
(static deflection) while the AC component 
vibrates the microbeam around this equilibrium 
position [1].  
Many works have been performed to analyze 
mechanical behavior of microresonator 
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systems. These works might be categorized in 
two main groups. In the first group, nonlinear 
effect of electrostatic actuation, mid-plane 
stretching and nonlinear curvature on static and 
dynamic behaviors of a clamped-clamped or 
clamped-free microbeam have been studied. In 
the second group, effect of changing geometry 
of microbeam or ground electrode shape on the 
mechanical behavior of system has been 
discovered.  
The important works in the first category may 
be as follows: Tilmans and Legtenberg used the 
Rayleigh-Ritz method to obtain natural 
frequency and static deflection of microbeam, 
where midplane stretching was neglected [2]. 
Chio and Lovell obtained static deflection by 
numerical shooting method and considering the 
stiffening midplane stretching term [3]. Abdel-
Rahman et al. studied effect of DC electrostatic 
actuation on the value of pull-in voltage and 
natural frequency of vibration about static 
deflection using numerical shooting method [4]. 
They considered nonlinear terms of stretching 
and electrostatic actuation. Younis et al. 
performed the previous work using the Galerkin 
method [5]. The static deflection and dynamic 
behavior of clamped-free microresonators under 
DC electrostatic actuation or combined AC-DC 
electrostatic actuation have been studied in [6-
10]. Younis and Nayfeh [1], Abdel-Rahman 
and Nayfeh [11] have investigated primary and 
secondary resonances of clamped-clamped 
microresonator, respectively,  considered 
nonlinear effect of AC-DC electrostatic and 
stretching terms and solved equation of motion 
using multiple scale perturbation method. Jia et 
al. considered the forced vibration of clamped-
clamped electrically actuated microbeam near 
resonance frequency by considering the 
intermolecular force [12].  
The important works in the second category 
may be as follows: Najar et al. analyzed static 
deflection and motion of a shaped microbeam 
using differential quadrature method (DQM) 
[13] and showed that an increase (decrease) in 
the gap size between midsection of microbeam 
and electrode plate in comparison with gap size 
of the end sections resulted in an increase 
(decrease) in the pull-in voltage. Abdalla et al. 
considered optimizing shape of an electrostatic 

actuated microbeam for maximum pull-in 
voltage [14]. Nie et al. [15] and Rezazadeh [16] 
studied pull-in voltage of multilayered 
microbeam and solved the equation of motion 
using finite difference method. Wang et al. 
investigated pull-in instability and vibrational 
behaviors for a multi-layer microbeam using 
shooting method [17]. Jia et al. studied pull-in 
instability and free vibration of microbeam with 
an emphasis on the effect of ground electrode 
shape [18]. Sadeghian et al. studied  pull-in 
voltage of a clamped-clamped microbeam 
under discontinuous electrostatic actuation by 
letting length of electrode plate be smaller than 
that of the microbeam [19]. They demonstrated 
that variation in the electrostatic area caused 
variation in pull-in voltage. A similar result was 
reported by Younis for a clamped-clamped 
microbeam by assuming that two parts of the 
microbeam length were covered by electrode 
[20].  
The literature shows that previously performed 
works on the microbeam including partially 
electrostatic actuation have focused on static 
deflection and  pull-in voltage of systems. They 
have not studied their natural frequency and 
forced vibration. So, the first novelty in this 
paper was in investigating the natural frequency 
and forced vibration of microbeam under 
discontinuous (partially) electrostatic actuation.  
The second novelty was that thickness of the 
microbeam in the part under electrostatic 
actuation was assumed to be two layered. This 
assumption caused deflection shape of the 
microbeam in that part to be more uniform than 
the part that was single layer, which was due to 
the increase of the moment of inertia in the 
cross section of the microbeam. This 
phenomenon is very useful in designing 
microsensor system. For example, in a pressure 
sensor, pressure change could cause the 
microbeam to deflect to a new position; so, 
electric capacity of the system would changed. 
Change of capacity induces an electric current. 
It is a criterion for calculating the amount of 
changing pressure. The more uniform the 
deflection shape of microbeam, the more linear 
the signal would be, which would be very 
useful [21]. So, in this paper, static and 



JCARME                       Nonlinear static and dynamic behaviors of  . . .         Vol. 3, No. 1, Spring 2014 

147 
 

dynamic behaviors of this configuration were 
studied for the first time. 
In this study, first, the static deflection due to 
the DC electrostatic actuation and the natural 
frequency about this position were obtained 
using the Galerkin method. Then, nonlinear 
vibration of the system due to the AC 
electrostatic actuation at primary resonance was 
obtained using the multiple scale perturbation 
method.  
 
2. Modeling and formulation 
 
The system model was a two layered clamped-
clamped microbeam. A thin layer of the 
electrode was deposited on the lower side of the 
second layer and there was an electrode plate at 
distance d from this layer. An AC-DC voltage 
equal to )ˆcos( tvv acp   was applied between 

them. In this actuation, acv  and ̂  are 
amplitude and frequency of the AC part, 
respectively. Also, pv  is magnitude of DC part 
and t  is time. It was assumed that the left and 
right ends of electrode plate were at distances 1l  
and 2l  from the left end of the microbeam. 
Length of lower layer was assumed to be equal 
to the length of electrode plate Fig. 1(a). It was 
assumed that one end of the microbeam was 
stretched equal to   in the axial direction due 
to the existence of axial load. It must be noted 
that the microbeam was not free to deflect in 
axial direction, but its right end was maintained 
to remain in the constant position which was 
obtained by applying the axial load. Two 
coordinate systems were used to describe the 
equations of motion. The first coordinate 
system was a fixed Cartezian coordinate 
system, syz , the origin of which was located at 
the left end of the microbeam on the neutral 
axis of the system cross section Fig. 1(b). The 
second coordinate system was the local 
coordinate system, zys , the origin of which was 
located on the neutral axis of the deflected 
system cross section. It was assumed that the 
microbeam was initially displaced by U and 
W with respect to the fixed coordinate system. 
The motion equations for a beam subjected to a 
transverse  

load per unit length, 2q ,  might be written as 
follows [22, 23]: 
 

3
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 (1) 

where e  is stretching strain of the neutral axis 
of cross section, 3M  is bending moment and 1F  
is equivalent axial force in the cross section of 
deflected microbeam, as shown in Fig. 1(b). In 
addition, the dot and prime signs show 
differentiation with respect to s  and t , 
respectively. 
 

 
Fig. 1.  (a) System model, (b) the system cross 
section when 21 lsl  , and (c) free body 
diagrams of a deflected element. 
 
Here, 2q is sum of load per unit length of 
microbeam due to the electrostatic field and air 
damping, which may be written as follows [1]: 
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where 2,1, iH
il  means the Heaviside function; 

i.e. it is equal to zero for ils   and is equal to 
one for ils  . Also,  ĉ  is viscous damping per 
unit length of microbeam and 0  is dielectric 
permittivity in vacuum. The expression of )(sm  
is mass per unit length of the microbeam; so: 
 

1 21 1 2 2( ) ( ( ) )b l lm s w h H H h      (3) 
 
where )( 21 hh and )( 21   are thickness and mass 
per unit volume of the first and second layers of 
microbeam, respectively. It must be noted that 
the second layer referred to the lower layer of 
microbeam. In addition, bw  is width of the first 
and second layers of the microbeam. It should 
be notified that thickness effect of the electrode 
layer was neglected because of being very thin. 
The relationship between stress and strain for 
the first and second layers might be constructed 
as follows: 
 

1 1  1 2 2 2  ,     E E      (4) 

where 1 )( 1 and 2 )( 2 are stress (strain) in the 
axial direction of local coordinate system for 
the first and second layers, respectively. Also, 

1E  and 2E  are elasticity modulus of the first 
and second layers, respectively. The strain in 
the cross section of the microbeam might be 
written as follows [22, 23]: 
 

, 1, 2i e z i          
(5) 

where   is curvature of the deflected 
microbeam in the sz plane. The second layer 
was not attached to the entire length of the 
microbeam. So, in the section in which there 
was no second layer, the neutral axis was the 
midline of the first layer cross section; and on 
the section in which the second layer was 
attached, the neutral axis was at distance nz  
from the midline of microbeam cross section, as 
shown in Fig. 1(c), which can be written as 
follows [23]: 
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Now, by considering Eq. (4), the axial load and 
bending moment in the cross section of the 
system might be written as follows: 
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where 1dA  and 2dA  show area differential 
element of the first and second layers of the 
microbeam, respectively. It must be noted that 
midplane stretching, e , curvature,  , and terms 
of )sin( and )cos( in Eq. (1) could be written 
in terms of U and W using the Taylor series 
[22, 23]. So, by substituting Eq. (5) in Eqs. (7) 
and (8) and then substituting the outcome 
equations in Eq. (1), the equations of motion in 
axial and lateral directions would be obtained. 
By combining the resulted equations, the 
dimensionless form of motion equation would 
be as shown below [23].  
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In Eq. (9), the terms including )(xH , )(xm  and 
c  are terms of bending stiffness, mass inertia 
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and viscous damping, respectively. These terms 
are [23]: 
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In Eq. (9), the term including N  is due to the 
axial load and the term including 1  is due to 
stretching effect. These terms are [23]: 
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By equating differentiation of displacement 
with respect to time to zero in Eq. (9), 
differential equation of the static deflection 

sw would be: 
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Displacement of the system is the sum of static 
deflection sw , and dynamic deflection ),( xu , 
so: 
 

( , ) ( , ) sw x u x w    (14) 
 
By substituting Eq. (14) in Eq. (9), expanding 
the electrostatic force about the static position 
and by using Eq. (13), the terms that represent 
equilibrium position were eliminated and the 
following was obtained: 
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If acv  and c  ere equal to zero in Eq. (15) and its 
linear terms were kept, then the linear equation 
of free vibration of undamped system about the 
static position would be as follows: 
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Here, if the system oscillated about the static 
position by nth natural frequency, then the 
system vibration might be assumed as:  

( ) ni
nu x e    (17) 

where )(xn  is the nth linear mode shapes and 
n  is the nth natural frequency of vibration of 

deflected microbeam about the static position. 
By substituting Eq. (17) in the free vibration 
equation and multiplying it by nie ,  the 
differential equation governed by linear  mode 
shapes of system would be: 
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3. Free vibration about static deflection 
 
Solution of Eq. (13) might be obtained using 
the Galerkin method. The mode shapes of 
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vibration of a straight microbeam without the 
second layer were used as comparison 
functions. So, solution of Eq. (13) was assumed 
as: 

[ ] [ ]
1

M

s j s j
j

w a 


    (19) 

where ][ js  is the jth linear symmetric mode 
shapes of a straight microbeam without second 
layer and Mja j ..1,][   are the multipliers that 
must be obtained using the Glaerkin method. 
By substituting Eq. (19) in Eq. (13), 
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(20) 

 
The coefficients ][ ja  would be obtained by 
solving the algebraic system of Eq. (20). Then, 
static deflection could be obtained using Eq. 
(19). Now,  the mode shapes and natural 

frequency, i.e.  solution of Eq. (18), was 
obtained using the Galerkin method .So, the 
solution of Eq. (18) was assumed as: 

[ ] [ ]
1

M

j a j
j

b 


   (21) 

 
where Mjb j ..1,][   are the unknown 
coefficients that must be obtained using the 
Galerkin method. By substituting Eq. (21) in 
(18), multiplying the result by Mnns ,..,2,1],[   
and integrating from 10  xtox , an algebraic 
system was obtained as: 
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 (22) 

Eq. (22) has a nonzero solution if the 
determinant of coefficient ][ jb in Eq. (22) is 
equal to zero. So, by equating the determinant 
of coefficients to zero, the natural frequency 
can be obtained. 
 
4. Primary resonances 
 
By considering 0T , 1T  and  2

2 T  
where   is small non-dimensional bookkeeping 
parameter, solution of Eq. (15) might be 
assumed as [1]: 
 

2
1 0 1 2 2 0 1 2

3
3 0 1 2

( , , ) ( , , , ) ( , , , )
( , , , ) ....

u x u x T T T u x T T T
u x T T T
   


  


     

(23) 
In order to balance the nonlinear terms with the 
terms of air damping c  and excitation acv , they 
were considered order 2  and  3  terms, 
respectively. The following equations would be 
obtained by substituting Eq. (23) in Eq. (15) 
and equating coefficients of the same power of 
 . 
order )( : 
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order )( 2 : 
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order )( 3 : 
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 (26) 

Using the normalized mode shapes of the 

system )1(
1

0

2  dx , solution of Eq. (24) would 

be: 
0 0

1 1 2 1 2( , ) ( ) ( , ) ( )i T i Tu A T T e x A T T e x       (27) 
where )(x and   show the first mode shape 
and first natural frequency of the system, 
respectively. In addition, ),( 21 TTA  is a complex 
function, which is obtained by imposing the 
solvability condition. By substituting Eq. (27) 
in Eq. (25): 
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(28) 
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1 2

2 2

1 12 2

2
2 2

/ / 4

( ) ( , ) 2 ( , )

3
( )

(1 )

s
s

p
l l l l

s

d w dh x w
dx dx
v

H H
w


    




    




 

 (29) 

If A  only depended on 2T , then the secular 
term would not arise in Eq. (28). Using this 
assumption, the particular solution of Eq. (28) 
would be as follows: 

0 02 22 2
2 1 2 1( ) 2 ( ) ( )i T i Tu x A e x AA x A e          (30) 
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(31) 

where 2,1,1 jj  is Kronecker delta function. 
Solution of Eq. (31) might be obtained using 
the linear symmetric mode shapes of vibration 
of the microbeam about the static position as 
comparison functions in Galerkin method. So, it 
was assumed that: 
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j k k
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   (32) 

where k  shows the kth linear symmetric mode 
shape of deflected microbeam about static 
position and kc  are coefficients that must be 
obtained using the Galerkin method. In fact, by 
solving the algebraic system obtained by 
substituting Eq. (32) in Eq. (31), multiplying 
the results by Mnn ,..,2,1,   and integrating the 
results from 10  xtox , the following could 
be obtained: 
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(33) 
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where 2,1j . Now, substituting 1u  and 2u  
from Eqs. (27) and (30) in Eq. (26), introducing 
fundamental natural frequency by detuning 
parameter   as  2  and keeping only 
the terms that produce secular terms would 
result in: 
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( ) [ 2 ( ) ( ) ( ) ( )

( ) ] i Ti T

dAL u m x i x i Ac x x A A
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F x e e cc NST
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(34) 

where NST  shows all terms, that is not secular 
and cc  denotes complex conjugate terms, and: 
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(36) 

The left hand side of Eq. (36) is self adjoint; so, 
the adjoint solution is like solution of 
homogenous Eq. (24). The non-homogeneous 
Eq. (36) has a solution only if the right hand 
side of Eq. (36) is orthogonal to every solution 
of the self adjoint homogenous equation; i.e. 

0)( Tiex  . So, by multiplying the right hand 
side of Eq. (36) to 0)( Tiex    and integrating 
the outcome from 0x  to 1x , the solvability 
condition can be obtained as: 

221

2

2 ( ) 8 0
2

i TdA Ai m SA A F e
dT

    
  (37) 

where: 
1 12

1 0 0

1 1

0 0

1 1 2

0 0

1

0

1, ,
8

1 1, ,
8 8
1 , ( ) ,
8

,

G G
q q

G G E E
c c q q

E E
c c

G G E E
q c q c

c dx S dx

S dx S dx

S dx m m x dx

F F dx S S S S S

   

   

  



  

   

  

    

 

 

 



 

(38) 

Now, A  is denoted in a polar form with 
amplitude a  and phase  as follows: 
 

1 2 iA a e   (39) 
By substituting Eq. (39) in Eq. (37), separating 
the real and imaginary parts and assuming 
that   2T , the results would be: 
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(40) 

 
By substituting Eqs. (30) and (27) in Eq. (23) 
and substituting 1 , solution of Eq. (37) 
would be: 
 

2
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x

   

  

    

 

 
(41) 

 
By letting 2dTda and 2dTd  be equal to zero 
in Eq. (40), the equilibrium point ),( 00 a could 
be obtained as: 

2 2
2 2 21 0
0 2

[ ( ) ( ) ]
2

S a Fa m 
 

    (42) 

 
This equation shows that amplitude 0a  is a 
maximum when the expression inside 
parenthesis vanishes. So, the results would be: 
 

2
0 0 1/ ( ), 2 / ( )Sa m a F     (43) 

 
Also, by considering  2  and combing 
it with the obtained results, the nonlinear 
resonance frequency would be obtained as: 
 

2

3 2
1

4 S F
 
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 (44) 

 
5. Results and discussion 
 
In the previous work [20], static deflection and 
pull-in voltage of a microbeam with 
configuration shown in Fig. 2(a) were studied. 
In the considered configuration, the electrostatic 
actuation was applied at two parts of the 
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microbeam length and there was no second 
layer. So, assuming 02 h  and that multiplier 
of Eq. 2 according to Heaviside function was as 

)(
21 ll HH  + )(

21 ll HH   , then the results of this 
work had to be in agreement with those of [20]. 
This comparison is shown in Fig. 2(b), which 
demonstrates excellent agreement.  
Also, assuming that lllhh  1212 ,0/ ; i.e the 
electrostatic actuation was applied to all lengths 
of the microbeam, then value of  S  which is a 
criteria for the shift of resonant frequency had 
to be equal. This comparison is shown in Fig. 3, 
which demonstrates excellent agreement.  
In the following, effect of increasing or 
decreasing the electrostatic actuation, electrode 
plate length, thickness and length of the second 
layer was studied on the deflection, pull in 
voltage, natural frequency and frequency 
response of the microbeam 
with 7.8,7.31  N , respectively.   
Effect of the electrode plate length on the value 
of static deflection and natural frequency is 
shown in Figs. 4 and 5. According to Fig. 4, 
with increasing the electrode plate length from 
0  to l , maximum deflection of microbeam  
increased. 
It increased because, with increasing the length 
of electrode plate, the area under electrostatic 
field increased, which caused the equivalent 
lateral force to increase; so, the static deflection 
increased. It can be concluded from Fig. 5 that, 
when 0/ 12 hh ; i.e. thickness of the second 
layer was equal to zero, then with increasing the 
electrode plate length from 0  to l , natural 
frequency decreased.  
These variations were due to the fact that, 
considering Eq. (16),  the electrostatic actuation 
had a main softening term as 

32
2 )1/(2 sp wuv  multiplied by )(

21 ll HH  . With 
increasing the length of electrode plate, value of 
this softening term increased because value of 

)(
21 ll HH  and sw increased.  So, increasing 

length of the electrode plate would decrease the 
natural frequency of the system. Also, Fig. 5 
demonstrates that, for larger values of  12 / hh , 
value of natural frequency increased by 
increasing value of 12 ll  , which was different 

by its variations when 12 / hh  was small. This 
variation was due to the competition between 
hardening effect of bending stiffness and 
softening effect of electrostatic actuation.  
 

 
Fig. 2. (a) System model in [20], ,125.01 ll   

,375.02 ll  ,875.0,625.0 43 llll  ,1241 GPasE 

,5.0,100 1 mhml    3
1 /2332 mkg , (b) 

Variations of maximum deflection of microbeam 
with respect to variations of pv  solid line (this 
paper), square points [20]. 
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Fig. 3. Variations of nonlinear coefficient S with 
respect to value of 2

2 pv ; square points belong to [1] 
and the solid lines belong to this paper 

7.8,7.31  N  . 
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It is clear that, when 0/ 12 hh , then with 
increasing value of 12 ll  , equivalent value of 
bending stiffness increased. In addition, it 
caused the main softening term 

32
2 )1/(2 sp wuv  multiplied by )(

21 ll HH   to 
increase. For small values of 12 / hh , with 
increasing  12 ll   , increasing effect of bending 
stiffness was larger than increasing effect of 
softening electrostatic actuation; and, for larger 
values of 12 / hh , this competition was reversed.  
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Fig. 4.  Maximum deflection variations of the 
microbeam with respect to the variation of 12 ll   for 

different values of 12 / hh , where  902
2 pv . 

 
Figs. 4 and 5 show that covering the middle 
part of microbeam by a second layer with 
length of more than l7.0 dif not have a main 
effect on the static deflection and natural 
frequency; meaning that that this length was an 
optimized length and covering more than this 
length caused dissipation of the material. 
Figures 6 to 9 show effect of electrostatic 
actuation on value of maximum static deflection 
and natural frequency of the 
microbeam. 0/ 12 hh  was assumed in Figs. 6 
and 7 and 0/ 12 hh in Figs. 8 and 9. 
It was observed from these figures that, if  

012  ll , then with increasing value of 2
2 pv , 

static deflection increased and natural 
frequency decreased. It must be noted that, in 
the plotted figures, the pull-in voltage was the 
voltage at which  the system just lost its 
stability. So, it could be concluded from these 
figures that, with increasing value of 12 ll  , the 
pull-in voltage decreased. It was resulted from 

Figs. 6 and 8 that static deflection of the system 
under constant value of 2

2 pv  increased by 
increasing value of 12 ll  .   
Comparing Figs. 7 and 9 showed that, if  value 
of 2

2 pv  was assumed constant, then variations 
of natural frequency with increasing 12 ll   in 
Fig. 7 were different from its variations in Fig. 
8.  Figure 7 demonstrates that, for all values of 

2
2 pv by increasing value of  12 ll  , value of 

natural frequency decreased. But, Fig. 8 shows 
that, if value of 2

2 pv  was far from the pull-in 
voltage, then natural frequency increased with 
increasing value of 12 ll  ; and, if 2

2 pv  was 
close to the pull-in voltage, then this behavior 
was reversed. 
The reason is that, when 0/ 12 hh , then with 
increasing value of 12 ll  , bending stiffness 
remained constant. But, when 0/ 12 hh , then 
with increasing value of 12 ll  , the bending 
stiffness increased because the second layer 
would be deposited on the larger length of 
microbeam. When 2

2 pv  was far from the pull-
in voltage, the increase effect of equivalent 
bending stiffness was larger than increased 
softening electrostatic actuation. So,  natural 
frequency increased with increasing  value of  

12 ll  , and with more increase of 2
2 pv  and 

closeness  to pull-in voltage, this competition 
would be reversed. 
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Fig. 5.  The first natural frequency variations of the 
microbeam with respect to variation of 12 ll   for 

different values of 12 / hh , where  902
2 pv .   
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Fig. 6.  Variations of the maximum deflection with 
respect to the variations of 2

2 pv  for different values 

of 12 ll  , where 0/ 12 hh . 
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Fig. 7.  Variations of the natural frequency with 
respect to the variations 2

2 pv  for different values of 

12 ll   ,  where 0/ 12 hh . 
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Fig. 8.  Variations of the maximum deflection with 
respect to the variations of 2

2 pv  for different values 
of 12 ll  ,   where 5.0/ 12 hh . 
 

Figure 10 shows variations of 0a with respect to 
the variation of detuning parameter  for 
different values of electrode plate length in the 
system with 0/ 12 hh . It could be observed 
that, with increasing  value of lll /)( 12   from 
0.2 to 0.4, hardening behavior of the system 
decreased,  amplitude 0a increased and 
nonlinear shift of resonance frequency 
decreased. Also, it was demonstrated that, with 
increasing value of lll /)( 12   from 0.4 to 0.8, 
the system behaviorchanged to softening 
behavior. In addition, amplitude 0a  and 
nonlinear shift of resonance frequency 
increased. 
The reason was that, considering Eq. (43), 
maximum value for 0a  was )/(2 F  and 
nonlinear shift of resonance frequency was 

)/(4 232 SF ; in other words, if sign of S  was 
positive (negative), then the system had a 
hardening (softening) behavior. In addition, it 
was demonstrated that value of amplitude and 
nonlinear shift of resonance frequency were 
altered due the competition between values of 

 ,,S and .F    Considering Figs. 6 and 7, when 
0/ 12 hh , then with increasing value of 
lll /)( 12  , static deflection increased and 

natural frequency decreased. Considering Eqs. 
(36) and (40), value of F  increased by 
increasing value of 12 ll  . These variations 
meant that maximum value of 0a  increased by 
increasing value of 12 ll  . Also, it was shown in 
Fig. 3 that value of S  was positive or negative 
depending the competition between negative 
nonlinear electrostatic terms; i.e. E

cS  and E
qS , 

and positive nonlinear geometric terms; i.e. G
cS  

and G
qS . Eqs. (36) and (40) demonstrate that 

absolute value of E
cS  and E

qS  increased by 
increasing value of lll /)( 12   and sw . With 
increasing value of  lll /)( 12   from 2.0  to 4.0 , 
value of S  decreased but remained positive. By 
more increase of lll /)( 12  , value of S  changed 
to negative value;, so, the system behavior 
would be softening.  
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Fig. 9.  Variations of the  natural frequency with 
respect to variations of 2

2 pv  for different values of 

12 ll   where 5.0/ 12 hh . 
   
 
Figure 11 shows that, in contrast to to Fig. 10, 
the hardening behavior did not change to 
softening behavior by increasing value of 

lll /)( 12  . The reason of this difference could 
be that, considering Figs. 4 and 5, when 

0/ 12 hh , then increase of sw  by increasing 
value of lll /)( 12   was smaller than its increase 
when 0/ 12 hh . In other words, absolute value 
of softening electrostatic terms; i.e. E

cS  and E
qS ; 

had low increase; so, value of S  did not change 
to a negative value. It means that behavior of 
the system remained as hardening by increasing 
value of lll /)( 12  .  
Figure 12 shows variations of 0a with respect to 
variations of detuning parameter  for different 
values of the second layer thickness. It was 
demonstrated that, for 0/ 12 hh , the system had 
a softening behavior. It is concluded that, by 
increasing value of 12 / hh  from 0 to 0.25, the 
system behavior changed to hardening. Also, it 
was resulted that, by increasing value of 12 / hh  
from 0.25 to 0.5, amplitude 0a  and nonlinear 
shift of resonance frequency decreased. These 
variations were due to the fact that, considering 
the above discussion, if 0/ 12 hh  , then value 
of the static deflection would be large.   
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Fig. 10. Variations of 0a  with respect to the 
variations of   for different values of 

lll /)( 12  where ,0/ 12 hh ,452
2 pv 02.0acv . 

Solid lines belong to stable solution, and dashed 
lines belong to unstable solution. 
 
It has been mentioned that, in this condition, 
value of S  would be negative. In other words, 
the system had a softening behavior. With 
increasing the value of 12 / hh , static deflection 
decreased;  so, value of S  changed to a positive 
value. Also,  value of   increased. Therefore, 
considering Eq. (43), value of 0a decreased.  
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Fig. 11. Variations of 0a  with respect to the 
variations of   for different values of lll /)( 12   

where ,1/ 12 hh ,452
2 pv 02.0acv . Solid lines 

belong to stable solution, and dashed lines belong to 
unstable solution. 
 
 
It must be noted that the nonlinear shift of 
resonance frequency due to the stretching effect 
was a disadvantage in the design of 
microresonator system. This nonlinear shift was 
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removed by the softening effect of electrostatic 
actuation. It is shown in Fig. 10 that, with 
selecting a proper length for electrostatic 
actuation, the nonlinear shift might be removed. 
It is noted that, in this configuration (partially 
actuated), the consumption of electric energy 
was lower than the case including electrostatic 
actuation at the entire length, which was a good 
advantage.  
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Fig. 12. Variations of 0a  with respect to the 
variations of   for different values of 12 / hh  where 

lll 8.012  , ,452
2 pv 02.0acv . Solid lines 

belong to stable solution, and dashed lines belong to 
unstable solution. 
 
6. Conclusions 
 
In this paper, static deflection, natural 
frequency and nonlinear vibration of a clamped-
clamped two layered microbeam under 
discontinuous electrostatic actuation were 
studied. It was shown that, depending on the 
value of electrode plate length, the second layer 
thickness and value of electrostatic actuation, a 
softening or hardening behavior might be 
realized. It was observed that, with increasing 
the value of electrode plate length, value of 
static deflection increased and pull-in voltage 
decreased. In addition, it was resulted that, for 
small value of 12 / hh , by increasing value of 
electrode plate length, value of natural 
frequency decreased and, for a larger value of 

12 / hh , this behavior was reversed. Moreover, 
by increasing value of electrostatic actuation, 
the static deflection increased and natural 
frequency decreased. Also, it could be 

concluded that, when the system did not have 
the second layer, then for all values of 2

2 pv , 
natural frequency increased by increasing value 
of 12 ll  . Furthermore, when there was the 
second layer on the lower side of microbeam, 
then for small value of 2

2 pv , natural frequency 
increased by increasing the value of 12 ll   and 
a more increase in the value of 2

2 pv  reversed 
this behavior.  
The results demonstrated that, when 0/ 12 hh  
and the system had an initially hardening 
behavior, then by increasing the value of 12 ll  , 
amplitude and linear behavior increased and, by 
a more  increase in the values of 12 ll  , it might 
be changed to the softening behavior. It was 
also shown that a different behavior was 
observed when the value of 12 / hh was large. 
Accordingly, when the system had an initially 
softening behavior, then, by increasing value of 

12 / hh , linear behavior increased. In addition, 
amplitude 0a  decreased and, by a more 
increase in the value of 12 / hh , its behavior 
changed to a hardening behavior and amplitude 
had a more decrease.  
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